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SOME RESULTS ON EQUIVARIANT CONTACT GEOMETRY FOR PARTIAL 

FLAG VARIETIES 

PETER CROOKS AND STEVEN RAYAN 


ABSTRACT. We study equivariant contact structures on complex projective varieties aris¬ 
ing as partial flag varieties G/P, where G is a connected, simply-connected complex sim¬ 
ple group of type ADE and P is a parabolic subgroup. We prove a special case of the 
LeBrun-Salamon conjecture for partial flag varieties of these types. The result can be de¬ 
duced from Boothby's classification of compact simply-connected complex contact mani¬ 
folds with transitive action by contact automorphisms, but our proof is completely inde¬ 
pendent and relies on properties of G-equivariant vector bundles on G/P. A byproduct of 
our argument is a canonical, global description of the unique S O 2 n (C) -in va ri a n t contact 
structure on the isotropic Grassmannian of 2-planes in C 2n . 


1. Introduction 

Fano varieties with complex contact structures have been studied enthusiastically over 
the last half century, in large part due to their distinguished position at the intersection 
of complex algebraic geometry and real differential geometry A compact quaternionic 
Kahler manifold with positive curvature always supports an S 2 -bundle — its twistor 
space — the total space of which is a Fano contact manifold. As presented in |9j, the 
LeBrun-Salamon conjecture IH2| posits that every Fano contact manifold with b 2 = 1 is a 
homogeneous variety, one that is isomorphic to the unique closed orbit P(0 min ) in the pro- 
jectivized (co)adjoint representation of some simple Lie group G. If the conjecture were 
true, then every compact quaternionic Kahler variety with positive curvature would nec¬ 
essarily be homogeneous, and so progress on the LeBrun-Salamon conjecture is crucial 
to resolving an outstanding geometric classification problem within Riemannian geom¬ 
etry The work of Beauville fll]] is the strongest evidence thus far for the validity of the 
conjecture. For multiple points of view on Fano contact varieties, including the minimal 
rational curves and Mori theory approaches, we refer the reader to ll4T7,8» X3liT4fl . 

On another front, complex contact manifolds have been studied in the context of equi¬ 
variant geometry Most notably, Boothby EH3]] gives a complete classification of those 
compact simply-connected complex contact manifolds which are acted upon transitively 
by their respective groups of contact automorphisms (the so-called homogeneous com¬ 
plex contact manifolds). He identifies each with P(0 mm ) for a suitable simple group G. 

1.1. Results. This article presents some results on equivariant contact geometry for par¬ 
tial flag varieties. Firstly, we give a self-contained proof of the following special case of 
the LeBrun-Salamon conjecture. 

Theorem 1. Let G be a connected, simply-connected complex simple group of type ADL, and 
let Xbe a partial flag variety of G with b 2 (X) = 1. IfXis endowed with a G-invariant complex 
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contact structure, then there exists a G-equivariant isomorphism X = P(O mm ) of contact varieties, 
where O mm is the minimal nilpotent orbit of G. 

While Theorem |l]is deducible from Boothby's work, our argument differs significantly 
from that offered in [210. Our approach is instead based on a sequence of results con¬ 
cerning the geometry (both equivariant and non-equivariant) of partial flag varieties G/P, 
where P is a parabolic subgroup. Specifically, we prove that a G-invariant corank-1 sub¬ 
bundle E of T G /p is completely determined as such by the isomorphism class of the quo¬ 
tient line bundle T G / P /E (see Proposition 0. This leads us to prove Proposition 0 which 
describes the contact line bundle of a G-invariant contact structure on G/P in terms of 
the isomorphism between Pic(G/P) and the group of 1-dimensional P-representations. 
Proposition [7] and Theorem [9] then combine to give us the desired G-equivariant contact 
variety isomorphism between G/P and P(O m i n ). 

Secondly, we offer a detailed description of the contact manifold in Theorem |l] when G 
is of type D n . This manifold is precisely the Grassmannian GrB(2, C 2n ) of those 2-planes 
in C 2n which are isotropic with respect to the complex-bilinear dot product. While there 
are descriptions of the S02 n (C)-invariant contact distribution E on Gr B (2, C 2n ) appearing 
in the literature (e.g. IZj), ours is global and canonical. Indeed, we use the classical identi¬ 
fication of the tangent bundle of the full Grassmannian Gr(2, C 2n ) with Hom(F, 0® 2n /F), 
where F is the tautological bundle on Gr(2, C 2n ). We then present E explicitly as a sub¬ 
bundle of the pullback to Gr B (2, C 2n ) of Hom(F, 0® 2n /F). 

Acknowledgements. We gratefully acknowledge the support provided by Lisa Jeffrey 
and John Scherk. We also thank Steven Lu for useful discussions. The first author was 
supported by NSERC CGS and OGS awards. During this work, the second author was 
supported by a University of Toronto at Scarborough Postdoctoral Fellowship. 

2. Review of Properties of Fano Contact Varieties 

Here, we review the salient features of complex contact varieties in general and Fano 
contact varieties in particular. Let X be a smooth complex variety of complex dimension 
2n + 1 for some n > 0, and let i : E T x be a rank-2n holomorphic subbundle of the 
tangent bundle T x . We say that the pair (X, E) is contact if, in the short exact sequence 

(1) 0 —» E —4 T x L —* 0 

induced by i, the composition of the Lie bracket on sections of T x with the quotient map 0 
is an L-twisted bilinear form that is nondegenerate along E. In keeping with the literature, 
we call the subbundle E the contact distribution; the quotient L, the contact line bundle of 
(X, E). If there exists an E —* X for which the pair (X, E) is contact, we say that X admits a 
contact structure. 

From now on, we also assume that X is projective, that b 2 (X) = 1, and that X admits 
a contact structure, the distribution of which is E. Let L be the associated contact line 
bundle. We use I<x and K^, respectively, for the canonical and anticanonical line bundles 
of X. In this case, X is Fano with Pic(X) = Z and K* = L® 11 ® 1 . This characterization 
is a consequence of a theorem of Demailly (Cor. 3 in [0), applied to an earlier result of 
Kebekus, Peternell, Sommese, Wisniewski (Thm. 1.1 in Ii9l). 
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There are of course exactly two possibilities: either the contact line bundle L is a gen¬ 
erator of Pic(X) or it is not. If it is not, then L is a holomorphic (n + 1 )-th root of K x and 
L itself has nontrivial roots (namely, a generator of Pic(X)). In this case, X must be P N 
for some N, by the well-known Kobayashi-Ochiai characterization of complex projective 
space IfTOl . Hence, whenever X is a projective Fano contact variety with b 2 = 1 that is not 
a projective space, then it must be that Pic(X) = Z ■ [L]. 

Taking these observations together, we have that: 

• L is ample (in particular, it is the ample generator of Pic(X) whenever X ^ P N ); 
and 

• if L' is any other contact line bundle on X, then there must exist a holomorphic 
vector bundle isomorphism L = L'. 

The second fact is true because Pic(X) = Z and L and L' are holomorphic roots of the 
same line bundle (and hence deg L = deg L'). 

3. Partial Flag Varieties and Contact Structures 

3.1. Basic Setup. Now, we specialize to the case where X arises as a partial flag variety 
for a simple Lie group G. 

To be precise, let G be a connected, simply-connected complex simple group with Lie 
algebra 0 . Fix a maximal torus T C G with Lie algebra t C g. Let X*(T) denote the weight 
lattice, and let A C X*(T) be the resulting collection of roots. Also, let (•, ■) be the standard 
inner product on span R (A) C t*. Choose collections FT C A + of simple roots and positive 
roots, respectively. Since g is simple, there exists a unique highest root A with respect 
to the partial order induced by the choice of TT. Let B C G be the opposite Borel with 
respect to our choice of positive roots. After fixing a subset S of FI, let A s be the set of 
those positive roots expressible as Z-linear combinations of the roots in S. One then has 
the standard parabolic subgroup P s generated by B and the root subgroups coming from 
the roots in Ajf. Hence, the Lie algebra of Ps is precisely 

Ps = fa © (J) £1(3) 

PGA+ 

where b is the Lie algebra of B. Finally, let W = Ng(T)/T be the Weyl group, and let 
W s denote the subgroup of W generated by the simple reflections {sp : (3 G FT \ S}. The 
quotient G/P s is not only a complex projective variety, but is also Fano — see, for instance, 
Thm. V.1.4 in HTTH . 

We will make extensive use of vector bundles on G/Ps arising from P s -representations 
via the associated bundle construction. More explicitly, suppose that cp : P s —> GL(V) is a 
finite-dimensional complex P s -representation. One has a free P s -action on G x V defined 
by 

P • (g,v) = (gp \ cp(p)v), 

g G G, v G V, p G Ps, with quotient variety denoted G x Ps V. Note that the action of G on 
G x V given by left-multiplication in the first factor commutes with the Ps-action, so that 
G x Ps V carries a residual G-action. The projection map 

7T : G Xp s V —> G/Ps 
[(g,v)] i-> [g] 
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then realizes G x Ps V as a G-equivariant holomorphic vector bundle over G /Ps, called the 
associated bundle for V. In short, G x Ps V is the G-equivariant holomorphic vector bundle 
over G/Ps with fibre over [e] £ G/Ps isomorphic to V as a representation of Ps- 

We now recall three standard group isomorphisms of importance to our work. Firstly, 
since H 1 (G/P s , 0 G / Ps ) = 0 = H 2 (G/P S , 0 G / Ps ) ( see El), the exponential sequence gives 
rise to a group isomorphism 

Pic(G/Ps) —> H 2 (G/P s ;Z) 

[F] ^d(F). 

Secondly, recall that 

X*(T) Ws -» H 2 (G/P S ;Z) 

(3 t—> ci (£(|3)) 

is a group isomorphism, where £(|3) is the associated line bundle on G/Ps arising from 
the 1-dimensional P s -representation of weight (3. We therefore have a third isomorphism, 

X*(T) Ws —> Pic(G/P s ) 


(3 i—> [£((3)]. 

It will be prudent to recall a natural Z-basis of the group X*(T) Ws . For (3 e FT, let hp £ 
[ 0 p, g p] be the corresponding simple coroot. Note that the hp form a basis of t dual to the 
basis of fundamental weights tup £ X*(T), (3 £ FI. 

Lemma 2. The group X*(T) Ws has a Z-basis of{ cup : (3 £ FT \ S}. 

Proof. Note that 8 £ X*(T) belongs to X*(T) Ws if and only if 8 is fixed by each simple 
reflection sp, (3 £ S. This holds if and only if 8 is orthogonal to each simple root in S. The 
desired conclusion then follows from the fact that 

8 = ]T 5(hp)mp = Y_ 2 77rlr t w 

pen pen 

is the expression of 8 as a linear combination of the fundamental weights. □ 

We conclude this section with a proposition that will be of use later. 

Proposition 3. If F] and F 2 are G-invariant corank -1 subbundles of T G/Ps and the quotients 
Tg/ Ps /Fi and T G / Ps /F 2 are isomorphic as holomorphic line bundles, then Fi = F 2 . 

Proof. To begin, note that (T G /p s ) [e] is canonically isomorphic to g/p s as a P s -representation, 
so that 


(2) T g/Ps = G x Ps (fj/ps). 

The isomorphism © restricts to isomorphisms 

F] = G x Ps V] 


F 2 = G x Ps V 2 , 
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where Vi and V 2 are codimension-1 Ps-subrepresentations of fl/ps- Since each T-weight 
space of 

(3) 0/Ps = (J) 0(3 

|3eA+\A+ 

is 1 -dimensional, each of Vi and V 2 is obtained by removing a single weight space from 
the sum ©. Let 71,72 € A 1 be the weights discarded to obtain Vi and V 2 , respectively. 
We then have bundle isomorphisms 

Tg/p s /Fi — G Xp s ((0/ps)/Vi) = £(71) 

and 

Tg/Ps/F 2 = G x Ps ((g/psj/Vz) = £(72). 

In particular, £( 71 ) = £( 72 ) as holomorphic line bundles over G/Ps, so that 71 = 72 . 
Hence, Vi = Vz, implying that Fi and F 2 identify with the same subbundle of G x Ps (fl/ps) 
under ©. This completes the proof. □ 

In the case that Fi and F 2 define contact structures, we have the following immediate 

Corollary 4. If each of Fi and F 2 is the distribution of a G-invariant contact structure on G/Ps 
and Pic[G/?s) = Z, then Fi = F 2 . 

This is simply the result of combining Proposition [3] with the fact G/Ps is Fano (and 
then applying the second observation listed at the end of Section [2] 

3.2. The Projectivization of the Minimal Nilpotent Orbit. The material in [3d] facilitates 
a worthwhile discussion of PjO mm ) and its G-invariant contact structure. To this end, 
recall that the nilpotent cone of g is the closed subvariety 

'N — {£, G g : ad(£J is nilpotent}, 

where ad : g —> gl(g) is the adjoint representation of g. The nilpotent cone is G-invariant 
and consists of finitely many G-orbits, called nilpotent orbits. The set of nilpotent orbits 
is partially ordered according to the closure order, namely Oi < CP if and only if Oi C O 2 . 
The non-zero nilpotent orbits have a unique minimal element, 0 min , called the minimal 
nilpotent orbit. It is known that 0 min is the G-orbit of a non-zero vector in the lowest root 
space g_A- 

Nilpotent orbits are invariant under scaling action of C* on g. In particular, we have an 
inclusion of P(O m i n ) := O m jn/C* into P(g) as a closed G-orbit. Now, suppose that £, e g^\ \ 
{0}, which determines a class [£] e P(O m m)- The G-stabilizer of [£] is the standard parabolic 
subgroup P A , where A is the collection of those simple roots which are orthogonal to A. 
We therefore have the G-variety isomorphism 

(4) cp : G/P a P(0 min ) 

[g] •-> [Ad(g)(£,)]. 

It turns out that P(0 min ) carries a distinguished G-invariant contact structure, E min C 
T P ( 0min) . To obtain it, note that the Killing form on g restricts to a G-equivariant variety 
isomorphism between 0 m j n and a coadjoint orbit in g*. The latter has the Kirillov-Kostant- 
Souriau symplectic structure, so that 0 min is symplectic. The symplectic form on 0 min has 
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weight 1 with respect to the C*-action, and Lemma 1.4 of fU then gives the desired contact 
structure on P(0 min ). 

Using Remark 2.3 from |T], one can more explicitly describe the bundle E min . Let [£,] E 
P(Omin) be the class of a lowest root vector, as above. Via the isomorphism dU), the fibre 
(E min )[y identifies with a codimension-1 subspace of g/p A , the tangent space of G/P A at 
the identity coset. Now, note that p A C (g_ A ) ± , the orthogonal complement of g a with 
respect to the Killing form. Our fibre is then given by 

(5) (E m in)[£J = (0 -a)VPa- 

Since E min is a G-invariant subbundle of T P(0min ), (0 can be used to determine the fibre of 
Emin over any point. 

3.3. Reduction to the Case of a Maximal Parabolic. Let us begin to directly address the 
classification of partial flag varieties admitting G-invariant contact structures. To this end, 
assume S C TT is such that G/P s admits a G-invariant contact structure E C T G / Ps . In light 
of earlier remarks, we shall also assume that b 2 (G/Ps) = 1. This second assumption 
imposes a significant constraint on the subsets S under consideration. Indeed, one has a 
Schubert cell decomposition of G /Ps into B-orbits, 

G/Ps = II Bwp s/ p s> 

[w]ew/w s 

so that H 2 (G/Ps; Z) is free of rank equal to the number of (complex) codimension-1 Schu¬ 
bert cells. Since the codimension of BwPs/Ps in G/Ps is the length of a minimal-length 
coset representative in [w] E W/Ws, the codimension-1 Schubert cells are those of the 
form BspPs/Ps, |3 G TT \ S. Hence, the condition b 2 (G/Ps) = 1 implies that TT \ S has 
cardinality 1, so that S = TT \ {a} for some unique a G TT. In other words, Ps is a maximal 
parabolic subgroup of G. 

3.4. The Contact Line Bundle on G/Ps. We now give a more explicit description of the G- 
invariant contact structure E. Using the bundle isomorphism 0, we will regard the fibre 
E[ e ] as a codimension-1 P s -subrepresentation of g/p s . Of course, since E is a G-invariant 
subbundle of T G / Ps , we also have 

(6) E = Gx Ps E [e] . 

Hence, the contact line bundle L = T G/Ps /E is given by 

(7) L = G x Ps ((g/p s )/E [e] ). 

Using 0, one can describe L in terms of the isomorphism X*(T) Ws = Pic (G/Ps). 

Proposition 5 . If g is simply-laced, then the highest root A belongs to X* (T) Ws and L is isomorphic 
to £(A). 

Proof. We begin with two observations. Firstly, we have L = £(y) for some y E X*(T) Ws . 
Secondly, since g is simply-laced, A is the unique dominant root. Proving the proposition 
will therefore amount to showing that y G A, and that y is dominant. For the former, note 
that each T-weight of g/p s is a root. It follows that the weight of the quotient represen¬ 
tation (g/ps)/E[ e ] is also a root. Also, the isomorphisms 0 and L = £(y) together imply 
that y is the weight of g/p s , so that y must be a root. 
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To prove that y is dominant, we note that 

(8) £((n+ l)y)=L^ +1) =KV /Ps , 

where 2n + 1 is the (complex) dimension of G/Ps- Also, the isomorphism © yields 

Kg/p s = A 2n+1 T G/ p s = G x Ps (A 2n+1 (g/ps)). 

By (©), the weight of A 2n+1 (g/p s ) is 

Ps := Y- 

|3eA+\A+ 

and we therefore have 

(9) K^ /Ps =£(ns). 

Combining © and ©, we conclude that (n + 1 )y = p S - Since p s is dominant, this implies 
that y is dominant. □ 

Before proceeding to the next section, we note that our arguments allow us to quickly 
recover the following well-known fact. 

Corollary 6. The subbundle E mm C T P ( 0mm) is the unique G-invariant contact structure on 
P (Omm). 

Proof. Suppose that F C Tra (0min ,is a G-invariant contact structure. Let us first assume G 
to be of type ADE (so that p is simply-laced). Note that both E min and F pull-back to 
G-invariant contact structures on G/Pa under the isomorphism ((U). By Proposition© it 
follows that both contact line bundles Tp (0min )/E min and Tp (0min )/F pull-back to £(A) under 
(©). In particular, these bundles are isomorphic, and Proposition ©then implies F = E min . 

If G is not of type ADE, then Pic(P(O min )) = Z. Now, it follows from Corollary © that 
F = E □ 

4. A Classification of G-Invariant Contact Structures on G/P 

4.1. The Main Theorem. We now consolidate the results presented in Sections 13.31 and 
13.41 In light of Proposition© we will assume G to be of type ADE for the duration of this 
article. We then have the following relationship between the simple root <x from 13.31 and 
the highest root A. 

Proposition 7. The root a is the unique simple root not orthogonal to A. 

Proof. By Lemma© X*(T) Ws is freely generated by co K . Since A e X*(T) Ws by Proposition 
© it follows that A = kcu a for some non-zero k e Z. Also, we may write 

kcu a = A = Y_ MMtW = Y_ 2 !q > 

pen pen 1,3 ’ |5J 

Hence, for (3 e 11, we have (A, (3) = 0 if and only if (3 ^ a. □ 

Before continuing, we note the following implication of Proposition © for partial flag 
varieties in type A. 
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Corollary 8. Suppose that G = SL n (C) with u > 3. There does not exist a partial flag variety 
X o/SL n (C) with b 2 (X) = 1 admitting an SL n (C) -invariant contact structure. Equivalently, 
none of the Grassmannians Gr(k, C n ), 1 < k < n — 1, supports an SL n (C) -invariant contact 
structure. 

Proof. By Proposition 0 the existence of such an X would imply that there was a unique 
simple root not orthogonal to the highest root A. However, for G = SL n (C), n > 3, there 
are exactly two simple roots not orthogonal to A. The formulation in terms of Grassman¬ 
nians follows from their being the partial flag varieties of SL n (C) having b 2 = 1. □ 

Remark. Corollary [8] has an interesting consequence when n is an even positive integer. 
Indeed, the odd-dimensional projective space P n ‘ 1 is then isomorphic to the projectiviza- 
tion of the minimal nilpotent orbit of Sp n (C). In particular, P n_1 admits an Sp n (C)- 
invariant contact structure. Yet, Corollary [8] implies that this contact structure is not 
SL n (C)-invariant for n > 4. 

Let us return to the matter at hand. Proposition [7] establishes that S = 17 \ {a} is the 
collection of those simple roots which are orthogonal to A, namely S = A. Hence, G/Ps = 
G/Pa, which is G-equivariantly isomorphic to P(0 min ) via ©. It therefore remains to 
prove that © is additionally an isomorphism of contact varieties, recalling that G/Ps = 
G/P a has the G-invariant contact structure E C T g/Pa fixed in 13.31 

Theorem 9. The map cp : G/P A —> P( 0 mm ) in © is an isomorphism of contact varieties. 

Proof. We are claiming that cp * (E m i n ) coincides with E when the former is regarded as 
a subbundle of T g/Pa . Observing that each of cp * (E min ) and E is a G-invariant corank-1 
subbundle of T g/Pa , Proposition [3] allows us to reduce this to showing T G / PA /cp*(E min ) 
and T G / Pa /E to be isomorphic as holomorphic line bundles. The second line bundle is 
isomorphic to £(A) by Proposition [5j so we are further reduced to proving that the fibre 
(T g/Pa / cp* (Emin)) [ e ] has weight A as a T-representation. 

Let d [e] cp : (T G/P J [e] —> (T P(0mln) ) [e] (where [£] = cp([e])) be the differential of cp at [e]. 
Since cp is T-equivariant, d[ e ] cp is an isomorphism of T-representations. Furthermore, 
d[e]cp(cp*(E min )[e]) = (E min )[y, so that (T g/Pa / cp * (E min )) [e] and (T P(0mta) ) ra /(E min ) [£ j are iso¬ 
morphic T-representations. We also have an isomorphism (T P ( 0min ])[y = g/p A from Section 
13.21 under which (E min )[y identifies with (g A jVpA- Putting everything together, we have 

(10) (T g/Pa / cp* (E m in)) [e] = (T P(0mta )) [y/(E min ) H = g/(g^) ± . 

Since we have 

(0-a) ± = 1>© ® 0(3, 

(3GA+\{A} 

(fTOb implies that (T G / Pa /cp* (E min )) [ e j is indeed the 1 -dimensional T-representation of weight 
A. □ 

4.2. Example: The Grassmannian of Isotropic 2-Planes in C 2n . We now describe a class 
of explicit examples that satisfy the hypotheses of Theorem [lj To this end, let us set 
G = S0 2n (C) with n > 4. Given 0 e M/(27tZ), consider the 2x2 matrix 

cos(0) —sin(0) 
sin(0) cos(0) 
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R(0) := 








For 0i, 02 ,..., 0 n £ M/ (2nZ), we define R(0i, 0 2 ,..., 0 n ) to be the 2n x 2u block-diagonal 
matrix R(0i) © R(0 2 ) © ••• © R(0 n )- Note that the R(0i, 0 2 ,..0 n ) constitute a maxi¬ 
mal torus of the compact real form SO(2n) C S0 2 n (C). Let T C S0 2 n (C) be the com- 
plexification of this maximal torus. We then choose our collection of simple roots to be 
Ff := {<xi, a 2 ,..., a n }, where 0 Cj : T —> C* is defined by the property 

a j (R(0 1 ,0 2 ,...,0 n )) = e iC 0 ,-e,+i) 

for j e {1,..., n — 1}, while a n : T —* C* satisfies 

a n (R(0!,0 2 ,...,0 n )) = e i(9 - 1+M . 

The highest root A is then given by 

A(R(0,,0 2 ,...,0 n )) = e i(01+02) . 

Furthermore, the subset of simple roots orthogonal to A is A = TT \ {cx 2 }. 

Now, let B : C 2n © C 2n —> C be the complexification of the dot product on IR 2n . One then 
has the Grassmannian of isotropic 2-planes in C 2n , Gr B (2, C 2n ). More explicitly, 

Gr B (2, C 2n ) := {V e Gr(2, C 2n ) : V C V x }, 

where V® denotes the complement of V e Gr(2, C 2n ) with respect to B. This is a partial 
flag variety of S0 2 n (C), and one can verify that the S0 2 n (C)-stabilizer of 

(11) W := spanjei + ie 2 , + ie 4 } e Gr B (2, C 2n ) 

is precisely Pa C S0 2 n (C). Hence, we have an S0 2 n (C)-equivariant variety isomorphism 

S0 2 n (C)/P A = Gr B (2, C 2n ). 

By ((D), we have another S0 2n (C) -equiva ri a n t isomorphism 

(12) P(Omin) — Gr B (2, C 2n ), 

where 0 mm is the minimal nilpotent orbit of S0 2 n (C). 

It remains to give the contact structure on Gr B (2, C 2n ) for which (fl2l) is an isomorphism 
of contact varieties. In other words, it remains to find the unique S0 2 n (C)-invariant 
contact structure on Gr B (2, C 2n ). To this end, let F denote the tautological bundle on 
Gr B (2, C 2n ), whose fibre over V e Gr B (2, C 2n ) is V itself. Note that F is a subbundle of the 
trivial bundle Gr B (2, C 2n ) x C 2n , so that we may consider the subbundle F 2 - of comple¬ 
ments with respect to B. By definition, F C F x , and we may define 

E :=Hom(F,F ± /F). 

Note that E is canonically a subbundle of Hom(F, 0® 2 n /F), the pullback to Gr B (2, C 2n ) of 
Tgt( 2 , c 2ti ) - fact/ we have the inclusion 

E G T GrB ( 2 )C 2 n) 

of subbundles of Hom(F, 0® 2 n /F), giving rise to a short exact sequence 

(13) 0 —> E —> T GrB ( 2 jC 2 n) —> A 2 (F v ) —> 0 

(see 10, Chapter 14). Since A 2 (F V ) = det(F v ) is a line bundle, E is a corank-1 subbundle 
of T Gtb( 2 )C 2 ti). Indeed, we have the following proposition. 
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Proposition 10. The subbundle E C T GrB ( 2)C 2 ,i) the unique S02 n [C) -invariant contact struc¬ 
ture on Gr B (2, C 2n ). 

Proof. By Proposition [3] and the discussion at the end of Section |2j the S02 n (C)-invariant 
contact structure on Gr B (2, C 2n ) is the unique subbundle of H C T GrB( 2 5 c 2 ^) such H is 
S02n(C)-invariant and T GrB (2,c 2n )/H is the ample generator of Pic(Gr B (2, C 2n )). Accord¬ 
ingly, it will suffice to prove that E possesses these two properties. For the former, note 
that F®/F is an S02 n (C)-invariant subbundle of 0® 2n /F. Flence, E = Hom(F, F®/F) is an 
S0 2a (C)-in variant subbundle of Hom(F, 0® 2n /F), and therefore also of T GrB(2) c 2 ^)- For our 
second property, (TT3T) gives a bundle isomorphism 

TGr B ( 2 ,c 2n )/F = det(F v ). 

The bundle det(F v ) is indeed the ample generator of Pic(Gr B (2, C 2n )), so our proof is 
complete. □ 

We wish to conclude with a comparison of our presentation of the S0 2n (C)-invariant 
contact structure on the isotropic Grassmannian to the one presented in f7j (pp.353-354), 
whose distribution we will denote by P. There, Gr B (2, C 2n ) is given an alternative presen¬ 
tation, as a parameter space for lines in a hyperquadric of dimension 2n — 2. If l is line 
in the hyperquadric representating a point in the parameter space, and if we choose an 
isomorphism i = P 1 , the fibre P{ is the space of global holomorphic sections of the (2n—4)- 
fold direct sum of the hyperplane bundle on the P 1 . One must choose an isomorphism for 
each point in order to describe P and so this description — while explicit — is local. Our 
presentation of the unique S0 2n (C)-in variant contact structure, with distribution E given 
above, does not depend on a family of isomorphisms and uses the tautological bundle on 
the isotropic Grassmannian directly. 
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